Introduction {#Sec1}
============
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                \begin{document}$${\mathcal D}$$\end{document}$ is fixed, this problem has led to many important developments in ergodic theory, which show that, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi ^t$$\end{document}$ is sufficiently "chaotic" (e.g., partially hyperbolic), the number of intersections satisfies a central limit theorem and more general invariance principles. One of the first results in this direction was Sinai's proof of the central limit theorem for geodesic flows \[[@CR42]\] and, with Bunimovich, the finite-horizon Lorentz gas \[[@CR10]\]. We refer the reader to \[[@CR2], [@CR15], [@CR21], [@CR47]\] for further references to the literature on this subject. In the case of non-hyperbolic dynamical systems, such as horocycle flows or toral translations, the classical stable limit laws generally fail and must be replaced by system-dependent limit theorems \[[@CR6]--[@CR8], [@CR16], [@CR17], [@CR22]\]. If on the other hand one considers a sequence of target sets $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho \rightarrow 0$$\end{document}$, then the number of intersections within time *t* (now measured in units of the mean return time to $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi ^t$$\end{document}$ is mixing with sufficiently rapid decay of correlations. The first results of this type were proved by Pitskel \[[@CR36]\] for Markov chains, and by Hirata \[[@CR25]\] in the case of Axiom A diffeomorphisms by employing transfer operator techniques and the Ruelle zeta function. (Hirata's paper was in fact motivated by Sinai's work \[[@CR43], [@CR44]\] on the Poisson distribution for quantum energy levels of generic integrable Hamiltonians, following a conjecture by Berry and Tabor \[[@CR3], [@CR32]\] in the context of quantum chaos.) For more recent studies on the Poisson law for hitting times in "chaotic" dynamical systems, see \[[@CR1], [@CR11], [@CR20], [@CR23], [@CR24], [@CR29], [@CR39]\] and references therein.

In the present paper we prove analogous limit theorems for integrable Hamiltonian flows $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi ^t$$\end{document}$, which are not Poisson yet universal in the sense that they do not depend on the fine features of the individual system considered. The principal result of this study is explained in Sect. [2](#Sec2){ref-type="sec"} for the case of flows with two degrees of freedom, where the target set is a union of small intervals of varying position, length and orientation on each Liouville torus. In the limit of vanishing target size, the sequence of hitting times converges to a limiting process which is described in Sect. [3](#Sec3){ref-type="sec"}. Sections [4](#Sec4){ref-type="sec"} and [5](#Sec5){ref-type="sec"} illustrate the universality of our limit distribution in the case of two classic examples: the motion of a particle in a central force field and the billiard dynamics in an ellipse. In both cases, the limit process for the hitting times, measured in units of the mean return time on each Liouville torus, is independent of the choice of potential or ellipse, and in fact only depends on the number of connected components of the target set on the invariant torus. The results of Sect. [3](#Sec3){ref-type="sec"} are generalized in Sect. [6](#Sec6){ref-type="sec"} to integrable flows with *d* degrees of freedom, where unions of small intervals are replaced by unions of shrinking dilations of *k* given target sets. The key ingredient in the proof of the limit theorems for hitting time statistics is the equidistribution of translates of certain submanifolds in the homogeneous space $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma ={\text {SL}}(d,{\mathbb Z})\ltimes ({\mathbb Z}^d)^k$$\end{document}$. These results, which are stated and proved in Sect. [7](#Sec7){ref-type="sec"}, generalize the equidistribution theorems by Elkies and McMullen \[[@CR18]\] in the case of nonlinear horocycles ($\documentclass[12pt]{minimal}
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                \begin{document}$$k=1$$\end{document}$), and are based on Ratner's celebrated measure classification theorem. The application of these results to the hitting times is carried out in Sect. [8](#Sec8){ref-type="sec"}, and builds on our earlier work for the linear flow on a torus \[[@CR34]\].

Integrable Flows with Two Degrees of Freedom {#Sec2}
============================================

To keep the presentation as transparent as possible, we first restrict our attention to Hamiltonian flows with two degrees of freedom, whose phase space is the four-dimensional symplectic manifold $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal X}={\mathbb R}^2\times {\mathbb R}^2$$\end{document}$, where the first factor represents the particle's position and the second its momentum. To keep the setting more general, we will not assume Liouville-integrability on the entire phase space, but only on an open subset $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal M}\subset {\mathcal X}$$\end{document}$, a so-called *integrable island.* Liouville integrability \[[@CR5], Sect. 1.4\] implies that there is a foliation (the *Liouville foliation*) of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal M}$$\end{document}$ bar a set of measure zero. A compact and connected regular leaf is called a *Liouville torus*. Every Liouville torus has a neighbourhood that can be parametrised by action-angle variables $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{f}=\nabla _{\varvec{J}}H$$\end{document}$. In what follows, the Hamiltonian structure is in fact completely irrelevant, and *we will assume* $\documentclass[12pt]{minimal}
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                \begin{document}$$m\ge 1$$\end{document}$ *arbitrary*), *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{f}:{\mathcal U}\rightarrow {\mathbb R}^2$$\end{document}$ *a smooth function.* We will refer to the corresponding $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi ^t$$\end{document}$ in ([2.1](#Equ2){ref-type=""}) simply as an *integrable flow*. Even in the Hamiltonian setting, it is often not necessary to represent the dynamics in action-angle variables to apply our theory; cf. the examples of the central force field and billiards in ellipses discussed in Sects. [4](#Sec4){ref-type="sec"} and [5](#Sec5){ref-type="sec"}.

We will consider random initial data $\documentclass[12pt]{minimal}
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                \begin{document}$$(\varvec{\theta },{\varvec{J}})$$\end{document}$ that is distributed according to a given Borel probability measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi ^t$$\end{document}$-invariant. One of the key features of this work is that our conclusions also hold for more singular and non-invariant measures $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$. This is the set-up that we use in the formulation of our main result, Theorem [1](#FPar1){ref-type="sec"} below. We will demonstrate in Remark [2.1](#FPar2){ref-type="sec"} that this setting is indeed rather general, and allows a greater selection of measures than is apparent; for instance invariant measures of the form ([2.2](#Equ3){ref-type=""}) can be realized within this framework.
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Remark 2.3 {#FPar4}
----------

Theorem [1](#FPar1){ref-type="sec"} is stated for the convergence of entry time distributions. It is a general fact that the convergence of entry time distributions implies the convergence of return time distributions and vice versa, with a simple formula relating the two \[[@CR33]\].
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The Limit Distribution {#Sec3}
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We will now describe the limit processes $\documentclass[12pt]{minimal}
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Central Force Fields {#Sec4}
====================

The dynamics of a point particle subject to a central force field in $\documentclass[12pt]{minimal}
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A natural choice of target set in polar coordinates is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \{ (r,\phi ) \mid r=r_0({\varvec{J}}),\; -\pi \rho< \phi < \pi \rho \} , \end{aligned}$$\end{document}$$with no restriction on the sign of the radial velocity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dot{r}$$\end{document}$. We distinguish two cases:(I)If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_0({\varvec{J}})=r_+({\varvec{J}})$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_0({\varvec{J}})=r_-({\varvec{J}})$$\end{document}$, the target set is of the form ([2.3](#Equ4){ref-type=""}), where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal D}_\rho ^{(1)} = {\mathcal D}\bigg (\varvec{u}_1,\varvec{\phi }_1,\rho \bigg ) , \quad \varvec{u}_1=\begin{pmatrix} 1 \\ 0 \end{pmatrix}, \quad \varvec{\phi }_1=\begin{pmatrix} 0 \\ 0 \end{pmatrix}. \end{aligned}$$\end{document}$$ In this simple setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\phi }_1=\varvec{0}$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varvec{\theta },\lambda )$$\end{document}$-generic if (recall ([2.12](#Equ13){ref-type=""})) $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lambda \bigg (\bigg \{ {\varvec{J}}\in {\mathcal U}\, : \,\varvec{\theta }({\varvec{J}}) \in {\mathbb R}\begin{pmatrix} 1 \\ \frac{\alpha ({\varvec{J}})}{2\pi }\end{pmatrix} + {\mathbb Q}^2 \bigg \}\bigg ) = 0. \end{aligned}$$\end{document}$$(II)If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_-({\varvec{J}})<r_0({\varvec{J}})< r_+({\varvec{J}})$$\end{document}$, then the particle attains the value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r=r_0({\varvec{J}})$$\end{document}$ with radial velocity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dot{r}<0$$\end{document}$ before returning to the section $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(r_0,\dot{r}>0)$$\end{document}$. The traversed angle is $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha _*({\varvec{J}}) = 2 \int _{r_0({\varvec{J}})}^{r_+({\varvec{J}})} \frac{\frac{L}{r^2}\, dr}{\sqrt{2[E-V(r)]-\frac{L^2}{r^2}}}, \end{aligned}$$\end{document}$$ and the corresponding travel time is $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} T_*({\varvec{J}}) = 2 \int _{r_0({\varvec{J}})}^{r_+({\varvec{J}})} \frac{dr}{\sqrt{2[E-V(r)]-\frac{L^2}{r^2}}} . \end{aligned}$$\end{document}$$ The target set ([4.10](#Equ42){ref-type=""}) has therefore the following angle-action representation, recall ([2.3](#Equ4){ref-type=""}): $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal D}_\rho ^{(2)} = \bigcup _{j=1}^2 {\mathcal D}(\varvec{u}_j,\varvec{\phi }_j,\rho ), \end{aligned}$$\end{document}$$ with identical orientation $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varvec{u}_1({\varvec{J}})=\varvec{u}_2({\varvec{J}})=\begin{pmatrix} 1 \\ 0 \end{pmatrix}, \end{aligned}$$\end{document}$$ located at $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varvec{\phi }_1({\varvec{J}})= \begin{pmatrix} 0 \\ 0 \end{pmatrix},\qquad \varvec{\phi }_2({\varvec{J}})= \frac{T_*({\varvec{J}})}{T({\varvec{J}})} \begin{pmatrix} 1 \\ \frac{\alpha ({\varvec{J}})}{2\pi }\end{pmatrix} - \begin{pmatrix} 0\\ \frac{\alpha _*({\varvec{J}})}{2\pi } \end{pmatrix} . \end{aligned}$$\end{document}$$ Here the target location is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varvec{\theta },\lambda )$$\end{document}$-generic if for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(m_1',m_2')\in {\mathbb Z}^2\setminus \{\varvec{0}\}$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lambda \bigg (\bigg \{ {\varvec{J}}\in {\mathcal U}\, : \,m_1' \varvec{\theta }({\varvec{J}}) + m_2' \, \begin{pmatrix}0\\ \frac{\alpha _*({\varvec{J}})}{2\pi } \end{pmatrix} \in {\mathbb R}\begin{pmatrix} 1 \\ \frac{\alpha ({\varvec{J}})}{2\pi }\end{pmatrix} + {\mathbb Q}^2 \bigg \}\bigg ) = 0 \end{aligned}$$\end{document}$$ (indeed, set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(m_1,m_2)=(m_2'-m_1',-m_2')$$\end{document}$ in ([2.12](#Equ13){ref-type=""})). For our numerical simulations of the first entry time, the relevant parameters used were as follows. The potential is $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} V(r)={\left\{ \begin{array}{ll} \frac{r^\gamma -1}{\gamma }&{}(\gamma \ne 0)\\ \ln (r)&{} (\gamma =0), \end{array}\right. } \end{aligned}$$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma \in {\mathbb R}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma >-2$$\end{document}$. The particle mass is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=1$$\end{document}$, initial position in polar coordinates $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(r_0,\phi _0)=(1,-2)$$\end{document}$, initial velocity 0.3 with directions uniform in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[0.5,1]\subset [0,2\pi ]$$\end{document}$ (the sample size is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$10^8$$\end{document}$); the target is the angular interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[-\rho /2,\rho /2]$$\end{document}$ located at radius $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_0=1$$\end{document}$. Figure [2](#Fig2){ref-type="fig"} displays the results of computations with several values of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ and fixed $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma =1$$\end{document}$, and Fig. [3](#Fig3){ref-type="fig"} the corresponding results for fixed $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho =10^{-4}$$\end{document}$ and various values of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$. Fig. 2Numerical simulations for the entry time distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb P}( \widetilde{\tau }_1 > s )$$\end{document}$ for the potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(r)=r-1$$\end{document}$, with different holes sizes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$. We consider particles of mass $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=1$$\end{document}$ with initial position in polar coordinates $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(r_0,\phi _0)=(1,-2)$$\end{document}$, initial velocity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v=0.3$$\end{document}$, initial angles uniform in \[0.5, 1\] with a sample size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$10^8$$\end{document}$. The target is located at radius $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_0$$\end{document}$ and angle interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[-\rho /2,\rho /2]$$\end{document}$. The deviation from the predicted distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_2(s)$$\end{document}$ is shown in the *inset*

Integrable Billiards {#Sec5}
====================

The dynamics of a point particle in a billiard is integrable if there is a coordinate system in which the Hamilton-Jacobi equation separates. All known examples in two dimensions involve either very particular polygonal billiards, whose dynamics unfolds to a linear flow on a torus, or billiards whose boundaries are aligned with elliptical coordinate lines (or the degenerate cases of circular or parabolic coordinates). While many configurations can be constructed from arcs of confocal ellipses and hyperbolas, the most natural and studied is the ellipse billiard itself, of which the circle is a special case. Scaling of escape from a circular billiard with a single small hole to a universal function of the product of hole size and time was observed in Fig. 3 of \[[@CR9]\]. We will here consider billiards in general ellipses, where the target set is a sub-interval of the boundary. Action-angle coordinates for the billiard flow have been described in the literature, for example in \[[@CR45]\]. For our purposes it will be simpler to formulate the dynamics in terms of the billiard map, which is the return map of the billiard flow to the boundary; see \[[@CR48]\] for a detailed discussion. The billiard domain is confined by the ellipse $\documentclass[12pt]{minimal}
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We consider a single target set in the billiard's boundary given by the interval $\documentclass[12pt]{minimal}
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Integrable Flows in Arbitrary Dimension {#Sec6}
=======================================
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An Application of Ratner's Theorem {#Sec7}
==================================
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Theorem 3 {#FPar6}
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Remark 7.1 {#FPar7}
----------

For related results on equidistribution of expanding translates of *curves,* cf. Shah, \[[@CR40], Theorem 1.2\].
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Lemma 4 {#FPar10}
-------
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Proof {#FPar11}
-----
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Lemma 5 {#FPar12}
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-----
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Lemma 8 {#FPar18}
-------
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Lemma 9 {#FPar20}
-------
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-----
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We are now in a position to complete the proof of Theorem [3](#FPar6){ref-type="sec"}.

Conclusion of the proof of Theorem 3 {#FPar22}
------------------------------------
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Next we note the following consequence of Theorem [3](#FPar6){ref-type="sec"}.

Corollary 10 {#FPar23}
------------
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-----
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Proof of Theorem thm:main001 {#Sec8}
============================

We now give the proof of Theorem [2](#FPar5){ref-type="sec"}. We will only discuss the proof of ([6.13](#Equ75){ref-type=""}) in detail. The proof of ([6.12](#Equ74){ref-type=""}) is completely similar; basically one just has to replace $\documentclass[12pt]{minimal}
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For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j\in \{1,\ldots ,k\}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho >0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T>0$$\end{document}$, we introduce the following "cylinder" subset of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^d\times {\mathcal U}$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&A_{j,\rho ,T}:=\biggl \{\biggl (t\varvec{f}({\varvec{J}})-\rho R_{\varvec{u}_j({\varvec{J}})}^{-1}\left( \begin{matrix} 0 \\ \varvec{x} \end{matrix} \right) ,{\varvec{J}}\biggr )\,\bigg |\, (\varvec{x},{\varvec{J}})\in \Omega _j,\,0<t\le T\overline{\sigma }^{(k)}({\varvec{J}})\rho ^{1-d}\biggr \}. \end{aligned}$$\end{document}$$For any subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A\subset \mathbb {R}^d\times {\mathcal U}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{J}}\in {\mathcal U}$$\end{document}$, we write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A({\varvec{J}}):=\{\varvec{x}\in \mathbb {R}^d\, : \,(\varvec{x},{\varvec{J}})\in A\}$$\end{document}$. Let us set$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} C:=\sup \bigl \{\Vert \varvec{x}\Vert \, : \,j\in \{1,\ldots ,k\},\,(\varvec{x},{\varvec{J}})\in \Omega _j\bigr \}; \end{aligned}$$\end{document}$$this is a finite positive real constant, since each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega _j$$\end{document}$ is a non-empty bounded open set.
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Proof {#FPar28}
-----
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-----
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The following is a "trivial" variant of Siegel's mean value theorem \[[@CR41]\]:

Lemma 14 {#FPar31}
--------
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Proof {#FPar32}
-----

(Cf., e.g., \[[@CR46], proof of Lemma 10\].) In the left hand side of ([8.11](#Equ125){ref-type=""}) we write $\documentclass[12pt]{minimal}
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Lemma 15 {#FPar33}
--------
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Proof {#FPar34}
-----
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To prove the continuity, consider any real numbers $\documentclass[12pt]{minimal}
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Lemma 17 {#FPar37}
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We are now ready to complete the proof of Theorem [2](#FPar5){ref-type="sec"}.

Conclusion of the proof of Theorem 2 {#FPar39}
------------------------------------
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